Numerical study of forced convection near
a surface covered with hair
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This article reports the results of a numerical study of heat transfer to the air permeating
through hair strands covering a flat surface. First, the surface is modeled as isothermal,
and second the surface is assumed covered with uniform heat flux. For both models, the
investigation develops dimensionless charts for calculating the overall heat transfer rate
through a flat surface of finite size. The heat transfer rate is the sum of the direct heat
transfer from the surface to air flow and the heat conducted away by the hair strands. In
each model, the overall Nusselt number emerges as a function of four dimensionless
groups. When the surface is sufficiently long, the constant flux-surface Nusseit number
is up to 20% greater than the Nusselt number of the corresponding isothermal surface.
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Introduction

The mechanism of heat transfer from a surface covered with
hair is a combination of direct heat transfer between the surface
and the adjacent air and the heat conducted away by the hair
strands. The heat transfer behavior of each hair-strand is similar
to that of a fin (cylindrical spine) on a plane heat exchanger
surface.' The thermal conductivity of hair is more than ten
times greater than that of air. The overall heat transfer process
is therefore complicated not only by the lack of local thermal
equilibrium between the hair strand and the immediate inter-
stitial air, but also by the antagonistic heat transfer functions
served by the air and the hair strand. The air flow is slowed,
which tends to decrease the overall heat transfer rate, while the
hair tends to augment it.

The purpose of the present study is to develop quantitative
means for calculating the overall heat transfer rate through a
plane surface covered with perpendicular strands of hair. Two
surface models are considered: first, the surface is modeled as
isothermal; second, the surface is assumed covered by a spatially
uniform heat flux. In both models the heat transfer process is
analyzed numerically.

Isothermal surface model

Consider the temperature distribution in the vicinity of a plane
surface covered by ?erpendicular' hair strands of uniform
density n (strands/m*), as shown in Figure 1. The surface
temperature T, is constant. Away from the surface, the local
temperature of the hair strand T (x, y) differs from the temper-
ature of the interstitial air T,(x, y). This heat transfer process
is an example of forced convection through a porous medium
saturated with fluid.2~”7 Unlike in the homogeneous model,
which is employed in most studies of convection through porous
media, in the present model the fluid (air) and the solid matrix
(hair) are not in local thermal equilibrium.

We assume that the interstitial air flows parallel to the
isothermal surface with uniform velocity U. This velocity is
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averaged only over the space occupied by air. The initial
(starting) temperature of the air stream is uniform and equal
to the ambient temperature T,. In the air thermal boundary-
layer region, the conservation of energy requires

o, _, 0T,
ox  ©oy?

where p, and h are the perimeter of the strand cross section
and the strand-air heat transfer coefficient, respectively. The
second term on the right-hand side of Equation 1 accounts for
the air volumetric heating effect associated with the presence
of warmer hair strands throughout the air stream. The air is
treated as a Newtonian fluid with constant properties.

The heat transfer through each hair can be modeled as
one-dimensional (1-D) conduction in the y direction. For a
strand located at the downstream position x, the strand
temperature distribution T,(x, y) is governed by the energy
equation:

9T,
ksA: __Ts_hps(Ts_Ta)r‘O (2)
dy
where A, is the area of the strand cross section. The second
term in Equation 2 is the local cooling effect on the hair strand,
as a reflection of the air heating effect accounted for in Equation
1.
It is convenient to make Equations 1 and 2 nondimensional:
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Group B of Equation 3 is related to the ratio of thermal
conductivities k,/k,, or
k
B=nA,= (7)
k

a
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Figure 1 Two-dimensional model of an isothermal surface covered
with perpendicular hair strands of uniform density

The boundary conditions that must be satisfied by the dimen-
sionless temperatures 6,(£, n) and 6,(¢, n) are

0,=0 at £=0 8)
8,=0,=1 at n=0 )
0,,0,—-0 as n— o0 (10)

The starting condition for 8, at £=0 is obtained by solving
Equation 4, subject to conditions 8-10. The result is

0,0, n)=exp (—n) (11)

which is the correct (and well-known) solution for the steady-
state temperature distribution in a long fin with constant k and
T,. Such a fin is the one situated in the x=0 plane in Figure
1. One reviewer of this manuscript suggested using 0,(0, n)=0
instead of Equation 11. However, 8, is also zero at £ =0, so this
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¢ values. Furthermore, the 6,(0, n) =0 alternative is incompatible
with Equation 6, which states that the leading-edge skin
temperature is Tj.

Numerical method

We solved numerically the problem stated in Equations 3-11,
using finite-difference approximations of the governing equa-
tions. We covered the numerical domain with a uniform grid
in the longitudinal direction ¢ and with a nonuniform grid in
the transversal direction . The nonuniformity of the latter is
described by

n+1=n;+alA 12)
in which »; is the n location of the jth grid line, A is the first
(smallest) step size, and a, is the rate of grid stretching. This
grid provided a higher concentration of nodes in the vicinity
of the n=0 wall than far from the wall, in order to capture the
boundary-layer characteristics of the 8, and 6, temperature
distributions.

The discrete forms of Equations 3 and 4 are

eesuu— 1 —[1 +8+%(Ar’}+ 1 +A"j+ 1 Ar’j)]e.lw 1,1+0-n+ 1,j+1
= ‘—%(A'Ifﬂ +An;., Anyb,,,,, (13)

2 —(1
0ai+u=9au+A€|:_ (onuu 2( +8)0au+80au—1>+(esu_onu):|
B Anjey+An;,, Ay, |

(14)
in which i and j refer to steps in the ¢ and n directions,
respectively. The coefficient ¢ accounts for the local non-
uniformity of the grid in the n direction; that is,

alternative would lead to calculating nothing but the values 5=A"1 +1 (15)
0,=40,=0 throughout the (£, #) domain, as we approach larger An;
Notation q; Heat flux to the air in contact with the y =0 surface,
Equation 32

A, Area of hair strand cross section q, Heat flux to the root of the hair strand, Equation 32

B Modified conductivity ratio, Equations 7 and 26 T, Local air temperature

C Coeflicient, Equation 28 T, Local hair strand temperature

Cp Air-specific heat at constant pressure T Temperature of y=0 surface

D Diameter of hair strand To..vg L-averaged temperature of y=0 surface

e,, e, Truncation errors, Equations 20 and 21 T, Ambient air temperature

h Strand-air heat transfer coefficient U Air velocity

H Transversal dimension of computational domain x Longitudinal coordinate, Figure 1

i Step in the ¢ direction y Transversal coordinate, Figure 1

J Step in the # direction

k, Air thermal conductivity Greek symbols

k, Strand thermal conductivity o Air thermal diffusivity

k, Constant of order 100, Equations 42 and 43 o, Rate of griding stretching

L Length of surface swept by air flow A Size of the smallest step in the # direction

n Number of hair strands per unit area € Grid nonuniformity parameter, Equation 15

Nu Overall Nusselt number, isothermal surface, n Dimensionless transversal coordinate, Equation 5

~ Equation 22 Nu Dimensionless transversal extent of computational

Nu  Overall Nusselt number, constant-flux surface, domain, Equation 17
Equation 41 % Dimensionless air temperature, Equation 6

Ds Perimeter of hair strand cross section 9, Dimensionless air temperature, Equation 35

A Total heat transfer rate to the air in contact with 0, Dimensionless strand temperature, Equation 6
the y=0 surface, per unit length in the direction 0, Dimensionless strand temperature, Equation 35
normal to the plane of Figure 1, Equation 24 & Dimensionless longitudinal coordinate, Equation 5

4 Total heat transfer rate to the hair strands, per unit & Dimensionless longitudinal extent of computational
length in the direction normal to the plane of Figure domain, Equation 16
1, Equation 23 p Air density

q’ Constant heat flux, Equation 31 ) Porosity, Equation 25
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Equation 13 represents a system of (m—2) linear equations in
0,, where m is the total number of grid lines in the 5 direction.
The coefficient matrix of this system has a tridiagonal form;
we therefore solved the system using a tridiagonal matrix
algorithm.

In the first step of the numerical algorithm, Equation 3 was
solved for 8, by advancing in the ¢ direction. Equation 4 was
solved next for 6, as a function of 5. This procedure was repeated
until ¢ reached the downstream extremity of the isothermal
surface x = L, which corresponds to the dimensionless number

L

- 16
" pepUynhp, 16

In the transversal direction, the computational domain was
extended to y=H, or

_ H
(kA hp)?

Zero flux boundary conditions were imposed on the n=ny
boundary, d6,/dn=00,/0n=0. The ng4 value was increased until
the calculated 6, and 6, values on the n=#g4 boundary were
less than 1074, in accordance with the proper boundary
conditions of Equation 10. Representative values of n are listed
in Table 1.

With reference to Equation 3, the von Neumann stability
analysis® recommends the following stability criteria:

Na (17)

0.3SA¢<1+2(;Z26)>31.7 (18)
Aé(e—1)
8D o, 19

In the derivation of these criteria, the denominator on the
right-hand side of Equation 14 was replaced (approximately)
with A. This is a conservative approximation, because An
becomes progressively larger than A as j increases. Worth
noting also is the fact that criterion 18 is more restrictive than
criterion 19, because 1 <&<2. Numerical tests confirmed that
inequalities 18 and 19 provide reliable descriptions of the
bounds of numerical stability.

The truncation errors associated with the discrete Equations
13 and 14 are

e,=O0[A{(An;, . —An)]+0(AE?) (20)
es=0(Aﬂj+1—A'lj) (21)

As the e, and e errors are proportional to the local 5 derivatives
of the solutions—and as the 6, and 8, profiles have their sharpest
slopes at n=0—the accuracy of the solution was based on tests

at the =0 surface. The surface parameter used in these tests
was the overall Nusselt number:

_ 4td
ka(TO - Tw)
in which ¢, and g represent the total heat transfer rates from

the T, surface to all the hair-strand roots and to the air that
comes in direct contact with the surface:

(22)

L 0

q;=f Asks(— T’) ndx (23)
0 oy y=0
L T,

4= f k,.(—a ) b dx (24)
[ dy y=0

The ¢ factor in Equation 24 is the porosity of the porous
medium formed by the hair strands, or

¢=1—nA, (25)
The modified conductivity ratio B of Equation 7 is therefore
proportional to the solid fraction (1—¢):

k
B=(1—<1>)k—s (26)

Combining Equations 22-24 leads to the following Nusselt
number integral:

L (08 06
Nu=—ch(—’+f—“> dé @7)
o \On Bdn/y=0
in which C is shorthand for the group:
U (k,AN\'?
C=—< : ’> (28)
o \ hp,

We performed accuracy tests for every value of the parameter
B, using relatively high values of ¢ and &,. These tests are
summarized in Table 1. The strand-temperature truncation
error e, tends to dominate the air-temperature truncation error
e,. In all the cases these errors are small enough that the overall
Nusselt number does not change by more than 4%. In the end,
the number of nodes we chose in the n direction was 29. The
number of nodes selected for the ¢ direction varied with both
Band ¢;.

The use of a nonuniform grid in the # direction is not a rigid
requirement, especially when the cost effectiveness of the
numerical code is not important. In the present study, the
efficiency of the code was important, which led to our use of a
finer mesh near the surface, where all the temperatures decayed
almost exponentially. Taking the case of B=0.1 and ¢ =09 as

Table 1 The effect of grid fineness on the accuracy of the numerical solution (¢ =0.9, {,=10)

B Ny Nodes ¢ Nodes 7 A £ CPU(s) e, €, Nu
0.1 60 500 14 08 1.2625 27 46x1073 21x10™" 10.44
2,000 29 0.4 1.1064 124 24x107* 43x107? 10.58
6,250 58 0.2 1.0498 431 1.8x107® 99x10°* 10.66
1 30 200 14 04 1.2625 19 80x107? 1.1%x107? 455
800 29 0.2 1.1065 87 42x107¢ 21x1072 464
2,500 58 0.1 1.0498 176 36x107® 50x107° 469
10 25 25 14 04 1.2365 — 20x107" 9.5x1072 3.20
100 29 0.2 1.0960 12 1.2x1072 1.9%x1072 3.45
500 58 0.1 1.0450 51 49x107* 45x107* 355
100 20 20 14 0.2 1.304 — 88x10™ 6.1x1072 3.07
50 29 0.1 1.1227 7 4.2x1072 1.2x1072 3.30
200 58 0.05 1.0573 28 26x1073 29x107? 342
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an example, if the near-surface grid is extended all the way to
the outer limit, 5, we would have had to use 300 nodes in the
n direction instead of only 58 (see Table 1).

Heat transfer from an isothermal surface

Figures 2 and 3 show the chief characteristics of the air- and
strand-temperature distributions. The strand temperature 0, is
at every & and # greater than the air temperature 6,; however,
the difference (6,—0,) decreases as both ¢ and 7 increase. The
shapes of the 6, and 6, profiles can be approximated well by
exponential-decay functions in #. The 56,/0n and 00,/0n gradients
at the n=0 surface decrease in the downstream direction ¢.

The four frames in Figures 2 and 3 were arranged to illustrate
the effects of the additional parameter of the solution, B. Worth
keeping in mind is that the porosity parameter ¢ (as distinct
from the parameter B) has no effect on the 6, and 6, distri-
butions, as can be seen by examining the problem statement,
Equations 3-11. The porosity ¢ influences the temperature
solutions only through the parameter B, as we showed in
Equation 26.

Proceeding from Figure 2 to Figure 3, note that, as B
increases, the # distance of thermal penetration along the hair
strand decreases. However, the local discrepancy between 6,
and 6, increases as B increases. In fact, in the low-B case of
Figure 2, the 6, and 6, values are nearly the same if { is greater
than 2. In the high-B case of Figure 3, the discrepancy between
6, and 6, is noticeable even at {=10.

The overall Nusselt number Nu is a function of four
parameters: B, ¢, C, and ;. The effect of cach of these
parameters is illustrated in Figure 4, in which the Nu/C ratio
was plotted as a function of £, and B for fixed porosities ¢.
To begin with, the Nusselt number is proportional to C; it then

40
B-0.1| 40

Figure 2 Temperature distribution in the air and hair strands near
an isothermal surface (8=0.1)

1> B=10 15 B =10}

n 1

8, 9

Figure 3 Temperature distribution in the air and hair strands near
an isothermal surface (B8 =10)
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Figure 4 Overall Nusselt number for heat transfer from an iso-
thermal surface covered with hair

increases monotonically with the dimensionless length of the
isothermal surface &,. The latter is approximated well by the
power-law Nu~ ¢} where the b exponent takes values in the
range 0.6-0.8.

The effect of increasing the modified conductivity ratio Bis to
decrease the overall Nusselt number. This effect is particularly
strong in the B range 0.1-10. Above this range, the Nusselt
number is practically insensitive to changes in the B parameter.

The porosity ¢ has only a minor impact on the Nusselt
number. By comparing the two graphs of Figure 4, we note
that Nu decreases by roughly 10 percent as ¢ decreases from
0.9 to 0.7.

The present Nu calculations permit us to evaluate the
accuracy of the approximate analytical solution developed for
the same problem in the earlier work.! The analytical solution
was based on the assumption that the air thermal boundary-
layer is much thinner than the distance of conduction penetration
along the hair strand. It predicted a Nusselt number Nu that
depends on only three parameters, C, &, and the ratio ¢/B'/?;
that is,

Nuz c((ch)lf2 +1.22 E%] (29)

The same analysis indicated that Equation 29 holds when B is
large enough that

B23{, (30)

In Figure 5 we compare the present Nu calculations and the
prediction based on the analytical solution, Equation 29. The
entire figure was constructed for the special case of ¢/B'/?=0.1,
in which Equation 29 reduces to a single curve of Nu/C versus
&,.. The two lower curves were obtained numerically for two
combinations of ¢ and B that satisfy the constraint ¢/B*/>=0.1.

When comparing each of the numerical Nu curves with the
theoretical curve based on Equation 29, keep in mind that the
latter is valid only in the range dictated by the inequality 30.
Thus when B=25 and ¢=0.5, the upper curve “‘ends” at a {;
value of order 10; in the other case, when B=90.25 and ¢ =0.95,
the right extremity of the upper curve is in the vicinity of £, ~ 30.
These limits are indicated by the vertical bars labeled (a) and
(b) in Figure 5.
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Figure 5 Comparison between the present numerical results and
the approximate solution, Equation 29, for heat transfer from an
isothermal surface

Agreement between the present calculations and the approxi-
mate solution, Equation 29, is quite good. It shows that the
theoretical solution, Equation 29 can be used as a first-cut
estimate of the total heat transfer rate through the isothermal
surface and that it consistently overestimates the heat transfer
rate. Agreement between theory and numerical results improves
as B increases and as the £, domain of the theoretical solution
expands, cf. Equation 30.

Constant-flux surface model

The plane surface of Figure 1 can alternatively be modeled as
a surface with uniform heat flux,

q"=(1—¢)q; + ¢q, =Constant 31)

in which g7 and g are the heat fluxes to the hair root and to
the air that touches the surface, respectively:

T, T,
q.= —k,(a ’) and ¢.= -k (6 ) (32)
ay y=0 ay y=0

We can now describe the heat transfer through the two-
temperature porous medium by the energy equations:

6, 18%, ~ ~
—"=—i—5+(9,—0‘l (33)
& Bon?

2 0 ~ ~
0 6’:6,—0, (34)
on?
in which (Z and 6, are the new dimensionless temperatures:
~ - ~ T,—-T
) =——i——Ti'-'L—— and 0,= e % (35)

(@'fko)k A hp,) (q"/k,)(k A /hp )

The boundary conditions that in this new formulation replace
Equations 8-11 are

8.=0, at  £=0 (36)
9.=0,, at =0 37
—B ( ) =1, at n=0 (38)
(6'7>;, 0 ar’ n=0
9 -0 aa  f-o® (39)

Pamcular]y worth noting are the constant heat-flux condition,
Equation 38 and that the surface temperature (unknown) is

equal to both 0 and 0 at =0, Equation 37. Solving Equation
34 subject to Equatxons 36, 38, and 39 leads to a closed-form
expression for the starting-temperature distribution along the

246

hair strand (see also the alternative discussed under Equation
11):

1
640, n) =5 P (—n) (40)

Solutions for the temperature fields 6,(¢, n) and 6,(¢, n) were
determined using the numerical method previously described.
These solutions are influenced by two parameters: B and ¢.
Comparing the upper graphs with the corresponding lower
graphs in Figure 6, we see that, as ¢ decreases from 0.9 to 0.7,
the strand and air temperatures increase throughout the (£, n)
domain. The temperature profiles again resemble exponentials,
and the surface temperature increases monotonically in the
downstream direction.

Figure 7 shows the effect of increasing the B parameter by
three orders of magnitude. The 5 thickness of the boundary-
layer region inhabited by air and hair strands decreases
significantly. The local differences between 6, and 6, become

more obvious as B increases: Note the much sharper 86,/0n
gradient at n=0 in Figure 7, compared to the corresponding

00,/0n gradient. At the other extreme, when B is small (Figure 6),
the differences between 6, and 6, are almost imperceptible.

30 B=0.1 50 B=0.1
E=10
6
2\\
0 o]
0 5, 15
50 B=0.1 30
n 9-0.7
E=10 £=10
6 6
2 L 2
0lco 0N
0 Y 1S O 8, 15

Figure 6 Temperature distribution in the air and hair strands near
a constant-flux surface (8=0.1)

15

~To0) 12
n = .

n

-© 07
=
o
-©
(=3
o

Figure 7 Temperature distribution in the air and hair strands near
a constant-flux surface (8 =100)
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Figure 8 Overall Nusselt number for heat transfer from a constant-
flux surface covered with hair
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Figure 9 Discrepancy between the overall Nusselt numbers for the
isothermal-surface and constant-flux-surface models

Comparing the abscissa ranges of Figures 6 and 7, we note
further that the dimensionless temperatures 8, and 6, decrease
by almost three orders of magunitude as B increases from 0.1
to 100. This effect is described better by the Nusselt number
based on the L-averaged surface—ambient temperature difference:

. 9L € LJQN }-1

in which the quantity in the brackets is the dimensionless
temperature of the n =0 surface, averaged over the distance {; .
According to this definition, the overall Nusselt number Nu
emerges as a function of four parameters: C, §,, B, and ¢.
The overall Nusselt number for the constant-flux surface is
presented in chart form in Figure 8. We intentionally constructed
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the two graphs of Figure 8 in the style of Figure 4, in order to

show the similar qualitative behaviors of Nu and Nu. The
constant-flux Nusselt number increases appreciably in the
downstream direction and decreases as B increases. The porosity

of the hair-strand matrix has only a minor effect on Nu.
The similarity between the isothermal-surface and constant
flux-surface Nusselt numbers is stressed further by Figure 9. It

shows that Nu and Nu differ only within +20% in the
parametric domain covered by the present numerical solutions:
0.1<B<100, 0.01 <¢, <10, and 0.7<¢ <0.9. At downstream
positions ¢, greater than approximately 0.1, the constant-flux
Nusselt number is generally greater than the corresponding
Nusselt number for the isothermal surface model.

Conclusions

In this study we focused on the fundamental mechanism of heat
transfer through a surface covered with hair and developed
numerical solutions for calculating the overall steady-state heat
transfer rate through such a surface. The main results that
summarize the contributions of this study are the following.

(1) The overall Nusselt number for an isothermal surface
(Nu) depends on four parameters and can be evaluated using
the charts of Figure 4.

(2) The theoretical solution, Equation 29, overestimates by
up to 100% the numerical Nu results for the isothermal surface
model.

(3) The overall Nusselt number for heat transfer from a

constant-flux surface (Nu) depends on the same four parameters

as Nu. The value of Nu can be estimated from the charts of
Figure 8.

(4) In the limit of sufficiently long surfaces (¢, >0.1), the
constant-flux Nusselt number is within 20% greater than the
isothermal-surface Nusselt number.

A final observation concerns the constants A4,, p,, and h,
whose values we assumed were known in the preceding dis-
cussion. These constants depend on the size of the hair strand.
If each hair strand can be modeled as a long cylinder of diameter
D, then 4, = (n/4)D? and p,==D. In addition, the earlier work"
showed that if the air flow is stow enough to obey Darcy’s law,
the heat transfer coefficient is constant and approximately equal
to:
hx E _1:?_ E

"4 ¢ D

in which the coefficient k, on the right-hand side is approximately
equal to 100. Numerical®!® and experimental'! data for
pressure drop across a bank of cylinders in cross flow have
shown that, in the low Reynolds number limit, the permeability
of thfzmedium is correlated by a relationship of the Kozeny
type:

in2
k=D (43)
k,(1—¢)
Welused this permeability function in the derivation of Equation
42,

One reviewer of the original manuscript questioned our use
of the constant-flux expression 31. This expression can be
derived in the following way. Consider a small enough sample
area of the skin surface and let A be its area. This area is made
up of bare skin (4,=¢A) and an area occupied by the roots
of the hair strands. There are nA strands; therefore their total
root area is nAA,=(1 — ¢)A. The heat transfer rate through the

42)
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A-sized sample is

qIIA=

GaAa+qsnAA, (44)

which, divided by A4, becomes the same as Equation 31.
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